Graphical Representation of Supersymmetry by Ichinose, Shoichi
ar
X
iv
:h
ep
-th
/0
60
32
14
v2
  2
 A
pr
 2
00
6
Marh 2006
UWThPh-2006-7
hep-th/0603214
Graphial Representation of Supersymmetry
Shoihi ICHINOSE
1
Institut für Theoretishe Physik, Universität Wien
Boltzmanngasse 5, A-1090 Vienna, Austria
Abstrat
A graphial representation of supersymmetry is presented. It learly ex-
presses the hiral ow appearing in SUSY quantities, by representing spinors
by direted lines (arrows). The hiral suxes are expressed by the diretions
(up, down, left, right) of the arrows. The SL(2,C) invariants are represented
by wedges. Both the Weyl spinor and the Majorana spinor are treated. We
are free from the ompliated symbols of spinor suxes. The method is
applied to the 5D supersymmetry. Many appliations are expeted. The
result is suitable for oding a omputer program and is highly expeted to
be appliable to various SUSY theories (inluding Supergravity) in various
dimensions.
PACS NO: 02.10.Ox, 02.70.-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1 Introdution
Sine supersymmetry was born, more than quarter entury has passed. Al-
though super partiles are not yet disovered in experiments, everybody now
admits its importane as one possible extension beyond the standard model.
Some important models, suh as 4 dimensional N = 4 SUSY YM , give us
a deep insight in the non-perturbative aspets of the quantum eld theories.
Beause of the high symmetry, the dynamis is strongly onstrained and it
makes possible to analyse the nonperturbative aspets. The BPS state is
suh a representative.
The beauty of SUSY theory omes from the harmony between bosons and
fermions. At the ost of the high symmetry, the SUSY elds generally arry
many suxes: hiral-suxes (α), anti-hiral suxes (α˙) in addition to usual
ones: gauge suxes (i, j, ..), Lorentz suxes (m,n, · · · ). The usual notation
is, for example, ψi α˙mα. Many suxes are rowded within one harater
ψ. Whether the meaning of a quantity is learly read, sometimes ruially
depends on the way of desription. In the ase of quantities with many
suxes, we are sometimes lost in the jungle of suxes. In this irumstane
we propose a new representation to express SUSY quantities. It has the
following properties.
1. All sux-information is expressed.
2. Suxes are suppressed as muh as possible. Instead we use the "geo-
metrial" notation: lines, arrows, · · · . 2 Partiularly, ontrated suf-
xes (we all them dummy suxes) are expressed by verties (for
fermion suxes) or lines (for vetor suxes and SU(2)R-suxes).
3. The hiral ow is manifest.
4. The graphial indies (dened in Set.6) speify a spinorial quantity.
The ontent of the present paper is an improved version of Ref.[1℄. Partial
results are also reported in Ref.[2℄.
Another quantity with many suxes is the Riemann tensor appearing in
the general relativity. It was already graphially represented [3℄ and some
appliations have appeared[4, 5℄.
We follow the notation and the onvention of the textbook by Wess and
Bagger[6℄. Many (graphial) relations appearing in the present paper (exept
Se.6 and Se.8) appear in the textbook.
2
In this sense, the use of dierential forms instead of the tensorial quantities is the
similar line of simpliation.
2
Figure 1: Weyl fermions.
The results of this paper have reently been applied to the C-program of
SUSY alulation[7℄.
2 Denition
2.1 Basi Ingredients
Let us represent the Weyl fermion ψα, ψ¯α˙ (2 omplex omponents, α, α˙ = 1, 2,
) and their 'suxes-raised' partners as in Fig.1. Raising and lowering the
spinor suxes is done by the antisymmetri tensors ǫαβ , ǫαβ :
ψα = ǫαβψβ , ψ¯
α˙ = ǫα˙β˙ψ¯β˙ , ǫ
12 = ǫ21 = 1 , (1)
where ǫαβ and ǫαβ are in the inverse relation: ǫ
αβǫβγ = δ
α
γ .
Graphial Rule 1 ( Fig.1)
1. The arrow is pointed to the left for the hiral eld ψ and to the right for
the anti-hiral one ψ¯.(Complex struture)
2. The arrow is pointed to the up for the upper-sux quantity and to the
down for lower-sux quantity.(Sympleti struture)
3. All spinor suxes (α, β, · · · ;α˙, β˙, · · · ) are labeled at the lowest position of
arrow lines.
The hoie of 3 is xed by the ondition that, when we express the basi
SL(2,C)(Lorentz) invariants ψαχα(NW-SE onvention) =ǫαβψ
αψβ , ψ¯α˙χ¯
α˙
(SW-
NE onvention) =ǫα˙β˙ψ¯α˙χ¯β˙ where suxes are ontrated by the anti-symmetri
tensor
3
, the arrows ontinuously ow along the lines ( see Fig.4 whih will
3
NorthWest-SouthEast(NW-SE), SouthWest-NorthEast(SW-NE).
3
Figure 2: Derivatives of fermions.
be explained later) without hanging the order of the spinor-eld graphs.
Graphial Rule 2
Every spinor graph is antiommuting in the horizontal diretion.
The derivatives of fermions are expressed as in Fig.2. We give it as a rule.
Graphial Rule 3 ( Fig.2)
1. For eah derivative, attah the derivative symbol "∂" to the orresponding
spinor-arrow with a dotted line as in Fig.2. At the end of the line, the Lorentz
sux of the derivative is desribed.
2. The order of the derivative lines desribed above is irrelevant beause the
derivative ∂µ is ommutative.
Following the above rule, the elements of the SL(2,C) σ-matrix are ex-
pressed as in Fig.3. In Fig.3, the two arrows are direted 'horizontally out-
ward' for σ, whereas 'horizontally inward' for σ¯. We onsider (σm)αβ˙ and
(σ¯m)α˙β are the standard form whih is basially used in this text.
2.2 Spinor sux ontration
Lorentz ovariants and invariants are expressed by the ontration of the
spinor suxes. We take the onvention of NW-SE ontration for the hiral
sux α, and SW-NE ontration for the anti-hiral one α˙. They are expressed
by onneting the orresponding sux-ends as in Fig.4. The wedge struture,
in Fig.4, haraterizes all spinor ontrations in the following. For the hiral-
4
Figure 3: Elements of SL(2,C) σ-matries. (σm)αβ˙ and (σ¯
m)α˙β are the
standard form.
Figure 4: Contration of spinor suxes. [above℄ N(orth)W(est)-
S(outh)E(ast) ontration for the hiral sux α (ψαχα = ǫαβψ
αψβ) : [below℄
SW-NE ontration for the anti-hiral sux α˙ (ψ¯α˙χ¯
α˙ = ǫα˙β˙ψ¯α˙χ¯β˙).
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Figure 5: Two Lorentz vetors χα(σm)αβ˙ψ¯
β˙
and ψ¯α˙(σ¯
m)α˙βχβ . The double
wedge struture appears.
Figure 6: (σn)αα˙(σ¯
m)α˙β and (σ¯n)α˙α(σm)αβ˙. The "spinor ontration" be-
tween σ and σ¯ is expressed as a wedge.
suxes ontration, the wedge 'runs' to the left, whereas the anti-hiral ones
to the right.
Graphial Rule 4: Spinor Sux Contration ( Fig.4)
The ontration is expressed by onneting the orresponding sux-ends.
Two Lorentz vetors, χα(σm)αβ˙ψ¯
β˙
and ψ¯α˙(σ¯
m)α˙βχβ are expressed as in
Fig.5. The double-wedge struture, in Fig.5, haraterizes the vetor quanti-
ties whih involve one σm or one σ¯m.
Next we take examples with two σ's. (σn)αα˙(σ¯
m)α˙β and (σ¯n)α˙α(σm)αβ˙
are expressed as in Fig.6. The "spinor ontration" between σ and σ¯ is also
6
Figure 7: An Lorentz invariant: ξα(σm)αβ˙∂mψ¯
β˙
.
Figure 8: Partially ontrated ases. (σ¯m)α˙αξα and (σ¯
m) α
β˙
ξα.
expressed as a wedge.
Graphial Rule 5: Spae-Time Suxes Contration
The ontration of spae-time sux m is expressed by a dotted line.
An example ξα(σm)αβ˙∂mψ¯
β˙
is expressed as in Fig.7. Note that
all dummy suxes do not appear in the nal invariant quantities.
The ontration is expressed by the direted wedges and the dotted urved
lines. This makes the expression very transparent.
As the partially ontrated examples, we take (σ¯m)α˙αξα and (σ¯
m) α
β˙
ξα.
See Fig.8. The spinor suxes α˙, β˙ and the spae-time sux m remain and
wait for further ontration.
2.3 Graphial Formula
An important advantage of the graphial representation is the usage of graph-
ial formulae (relations). It helps so muh in pratial alulation of SUSY
quantities. Some demonstrations will be given later. We express the for-
mula: ψαχα = −ψαχα = χαψα, ψ¯α˙χ¯α˙ = −ψ¯α˙χ¯α˙ = χ¯α˙ψ¯α˙ in Fig.9. The last
equalities in the both lines of the gure omes from the anti-ommutatibity
of the spinor graphs(GR2). We an express all formulae graphially. In this
7
Figure 9: A graphial formula. ψαχα = −ψαχα = χαψα, and ψ¯α˙χ¯α˙ =
−ψ¯α˙χ¯α˙ = χ¯α˙ψ¯α˙ .
Figure 10: A graphial formula of the basi spinor algebra. (σ¯m)α˙β(σn)ββ˙ +
m↔ n = −2ηmnδα˙
β˙
, and (σm)αα˙(σ¯
n)α˙β +m↔ n = −2ηmnδβα.
subsetion, we list only basi ones. In Fig.10, the symmetri ombination of
σ¯mσn are shown as the basi spinor algebra. The antisymmetri ombination
gives the generators of the Lorentz group, σnm, σ¯nm.
(σnm) βα =
1
4
{
−m↔ n
}
,
(σ¯nm)α˙
β˙
=
1
4
{
−m↔ n
}
, (2)
Although we have already used σ¯m, its denition in terms of σm and
the "inverse" relation are displayed in Fig.11. Here we do the upward and
downward hanges, within the σ and σ¯, by ǫαβ and ǫ
αβ
as explained for the
spinor in (1). Using the relation Fig.11, we an obtain the following useful
8
Figure 11: Denition of σ¯m, (σ¯m)α˙α ≡ ǫαβǫα˙β˙(σm)ββ˙ = (σm)αα˙, and its
"inverse" relation, (σm)αα˙ = ǫα˙β˙ǫαβ(σ¯
m)β˙β = (σ¯m)α˙α.
relation.
Graphial Formula: Figure 11B
= (3)
The "redution" formulae (from the ubi σ′s to the linear one) are expressed
as in Fig.12. From Fig.12, we notie any hain of σ′s an always be expressed
by less than three σ′s. The appearane of the 4th rank anti-symmetri tensor
ǫabcd is quite illuminating. The ompleteness relations are expressed as in
Fig.13. The ontration, expressed by the direted urve in Fig.13, is the
matrix trae. The Fierz identity is shown as.
=
1
4
{
− ǫα˙β˙ + ǫαβ −m↔ n
}
−1
2
ηnmǫαβǫα˙β˙ −
1
8
{
− l ↔ n
}{
− l ↔ m
}
, (4)
where the relation: (σn)αα˙(σ
m)ββ˙ = −ǫβγ(σnm) γα ǫα˙β˙+ǫα˙γ˙(σ¯nm)γ˙β˙ǫαβ−12ηnmǫαβǫα˙β˙−
2ǫβγ(σ
ln) γα ǫα˙γ˙(σ¯
m
l )
γ˙
β˙
, is expressed.
Finally we display 4σ's otration formula.
= 2(ηlmηns − ηlnηms + ηlsηmn − iǫlmns) (5)
9
Figure 12: Two relations: 1) σlσ¯mσn = −σlηmn + σmηnl − σnηlm + iǫlmnsσs,
2) σ¯lσmσ¯n = −σ¯lηmn + σ¯mηnl − σ¯nηlm − iǫlmnsσ¯s.
Figure 13: Completeness relations: 1) δαβ (σ
m)αα˙(σ¯
n)α˙β = −2ηmn, 2)
(σm)αα˙(σ¯m)
β˙β = −2δβαδβ˙α˙. The ontration shown by a urve is the matrix
trae. The relation 1) is also obtained from Fig.10.
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Its omplex onjugate one is given by
= 2(ηlmηns − ηlnηms + ηlsηmn + iǫlmns) (6)
The above 2 terms appear in the alulation of WαW
α
and W¯α˙W¯
α˙
respe-
tively. (Wα and W¯α˙ are superelds of eld strength. )
3 4D Chiral Multiplet
As the rst example, we take the 4D hiral multiplet. It is made of a omplex
salar eld A, a Weyl spinor ψα and an auxiliary eld (omplex salar) F .
Their transformations are expressed as follows.
δξA =
√
2ξαψα =
√
2 ,
δξψα = i
√
2σmαα˙ξ¯
α˙∂mA+
√
2ξαF = i
√
2 ∂mA+
√
2 F ,
δξF = i
√
2ξ¯α˙(σ¯
m)α˙β∂mψβ = i
√
2 . (7)
The omplex onjugate ones are given as
δξA
∗ =
√
2ξ¯α˙ψ¯
α˙ =
√
2 ,
δξψ¯α˙ = i
√
2(σ¯m) αα˙ ξα∂mA
∗ +
√
2ξ¯α˙F
∗ = i
√
2 ∂mA
∗ +
√
2 F ∗ ,
δξF
∗ = i
√
2ξα(σm)αβ˙∂mψ¯
β˙ = i
√
2 . (8)
We an read the graphial rule of the omplex onjugate operation by om-
paring (7) and (8).
Graphial Rule 6: Complex Conjugation Operation
→ ,
→ − . (9)
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In order to show the graphial representation, presented in Se.2, satises
the SUSY representation and the usage of the graphial rules and formulae,
we graphially show the SUSY symmetry of the Lagrangian.
L = i∂nψ¯α˙(σ¯n)α˙βψβ + A∗A + F ∗F ,
= + A∗A + F ∗F , (10)
(Hermitiity of the rst term, up to a total derivative, an be onrmed by
the use of GR6 anf Fig.11B.) The three terms in the Lagrangian transform
as
δ
(
i
)
=
i

 i
√
2 ∂mA
< 2 >
+
√
2 F
< 1 >


+i∂n

 i
√
2 ∂mA
∗
< 4 >
+
√
2 F ∗
< 3 >

 ,
δ(A∗A) =
√
2 A
< 2′ >
+
√
2A∗
( )
< 4′ >
,
δ(F ∗F ) =
i
√
2 F
< 1′ >
+
i
√
2F ∗
< 3′ >
.(11)
< 1 > + < 1′ >= 0 an be shown as
< 1 >= i
√
2∂n
( )
F
= i
√
2∂n
(
−
)
F = − < 1′ > , (12)
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where graph formula Fig.11B is used. < 2 > + < 2′ >= a total derivative is
shown as
< 2 >= −
√
2 ∂mA =
−
√
2∂n
(
∂mA
)
+
√
2 ∂n∂mA =
′′ −
√
2 A = ′′ − < 2′ > , (13)
where " ′′ " means the orresponding previous graph. In the above the rela-
tions Fig.10 and Fig.9 are used. < 4 > + < 4′ >= a total derivative an be
shown as
< 4 >= −
√
2 ∂n∂mA
=
√
2 ∂n∂mA
∗
= −
√
2 A∗ ,
< 4′ >= ∂n
{√
2A∗∂n( )−
√
2∂nA∗
}
+
√
2 A∗ , (14)
where some modiation of Fig.11B is used in the rst line, and Fig.10 is
used in the seond line. < 3 > + < 3′ >= a total derivative an be obtained
as
< 3 >= i
√
2∂n
(
F ∗
)
− i
√
2F ∗
= ′′ − < 3′ > . (15)
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Summing the above results, we nally obtain the result without ignoring
total drivatives.
δξL = ∂n
{
−
√
2 ∂mA +
√
2A∗∂n( )
−
√
2∂nA∗ + i
√
2F ∗
}
.(16)
Hene the Lagrangian indeed invariant up to a total derivative.
4 4D Vetor Multiplet
The super eltromagneti theory, in the WZ gauge, is given by
LEM = 1
2
D2 − 1
4
vmnvmn , (17)
where vmn = ∂mvn − ∂nvm. vm is the vetor eld, λ is the Weyl fermion, D
is a salar auxiliary eld. (17) is invariant under the SUSY transformation.
δξD = ,
δξ = D +
1
4
{
−m↔ n
}
vmn ,
δξvmn = −m↔ n ,
δξvm = ,(18)
The SUSY invariane of (17) an be graphially shown by using the rela-
tions of Fig.9,Fig.11, Fig.12 and Fig.11B. The result is
δLEM = ∂l
[
D vml
vmn
]
, (19)
whih expresses a total derivative. The appearane of the totally anti-symmetri
tensor ǫlmns shows that the invariane ruially depends on the spae-time
dimensionality 4 in the ase of vetor multiplet. This fat makes the dimen-
sional regularization diult in the SUSY quantum alulation[8℄.
14
Figure 14: The graphial representation for the Majorana spinor, Ψ, and its
onjugate Ψ¯ = Ψ†γ0. s = 1, 2, 3, 4.
Figure 15: The graphial representation for the SO(1,3) invariants made of
the Majorana spinors: Ψ¯Ψ and Ψ¯γ5Ψ.
5 Majorana spinor
Another useful way to represent the supersymmetry is the use of the Majo-
rana spinor whih is based on SO(1,3) (not SL(2,C)) struture. We dene
the graphial representation for the Majorana spinor Ψ and its onjugate
Ψ¯ = Ψ†γ0 as in Fig.14. The SO(1,3) invariants Ψ¯Ψ and Ψ¯γ5Ψ are repre-
sented as in Fig.15. They are graphially muh simpler than the Weyl ase (
no arrows, the single (vertial) wedge struture with spinor matries plaed
at the vertex ) beause only the adjoint struture is neessary to be build in
the graph. Remaining information, suh as hermitiity and hiral properties,
is in the 4×4 matrix elements (made of γm matries).
The relation between the Weyl and Majorana spinors is desribed in
textbooks[9, 10, 11℄. To show the preise relation, at the graphial level,
and to show some usage of the graph method, we derive the relation using
the previously dened ontents. The hiral multiplet of Se.3 is taken for the
explanation.
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First we introdue 4 real elds P,Q,G,H , instead of (A,A∗, F, F ∗).
P =
1√
2
(A + A∗) , Q =
1√
2i
(A− A∗) ,
G =
1√
2
(F + F ∗) , H =
1√
2i
(F − F ∗) . (20)
As for spinor quantities, we introdue 4 omponents spinor quantities α, α¯,Ψ, Ψ¯
instead of the 2 omponents ones (ξ, ξ¯, ψ, ψ¯).
α =
(
ξα
ξ¯α˙
)
, Ψ =
(
ψα
ψ¯α˙
)
,
α¯ =
(
ξα ξ¯α˙
)
, Ψ¯ =
(
ψα ψ¯α˙
)
. (21)
Using these quantities the SUSY transformation (of the hiral multiplet) is
obtained as
δξP = ξ
αψα + ξ¯α˙ψ¯
α˙ = α¯Ψ
= + = ,
δξQ =
1
i
(ξαψα − ξ¯α˙ψα˙) = α¯γ5Ψ
= −i + i = ,
δξG = iξ¯α˙(σ¯
m)α˙β∂mψβ + iξ
α(σm)αβ˙∂mψ¯
β˙ = iα¯γm∂mΨ
= i + i = i ,
δξH = ξ¯α˙(σ¯
m)α˙β∂mψβ − ξα(σm)αβ˙∂mψ¯β˙ = −iα¯γ5γm∂mΨ
= − = −i ,
δξΨ =
(
δξψα
δξψ¯
α˙
)
=


i
√
2 +
√
2 F
i
√
2 +
√
2 F ∗


= i∂m(P − γ5Q)γmα + (G− γ5H)α
= i + , (22)
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where the double lines are used to express the SUSY parameters and the
following gamma matries are taken[6℄:
γm =
(
0 (σm)αβ˙
(σ¯m)α˙β 0
)
, γ5 = γ0γ1γ2γ3 =
( −i 0
0 i
)
. (23)
We show, in (22), the graphial expressions for the SO(1,3) invariants made of
the Majorana spinors: α¯Ψ, α¯γ5Ψ, iα¯γm∂mΨ,−iα¯γ5γm∂mΨ, i∂m(P−γ5Q)γmα, (G−
γ5H)α. The above graphial relations manifestly show the γ5 matrix ontrols
the hirality in the Majorana spinor, whereas it is shown by the left-right di-
retion (dot-undotted suxes)in the Weyl ase. The above relations an be
used in the transformation between both expressions even at the graphial
level.
The fermion kineti term of the hiral Lagrangian (10) is graphially
transformed into the Majorana expression as follows.
i =
i
2
− i
2
=
i
2
∂m
( )
− i
2
− i
2
=
i
2
∂m( ′′ )− i
2
(
ψα
ψ¯α˙
) (
0 (σm)αβ˙
(σ¯m)α˙β 0
)
∂m
(
ψα ψ¯α˙
)
=
i
2
∂m( ′′ )− i
2
Ψ¯γm∂mΨ =
i
2
∂m( ′′ )− i
2
,(24)
where the relation of Fig.11B is used in the rst line.
6 Indies of Graph
We introdue some indies of a graph. They lassify graphs. Its use is another
advantage of the graphial representation.
(i) Left Chiral Number and Right Chiral Number
We assign
1
2
for eah one step leftward arrow and dene its total sum within
a graph as Left Chiral Number(LCN). In the same way, we assign
1
2
for eah
one step rightward arrow and dene its total sum within a graph as Right
Chiral Number(RCN).
(ii) Up-Down Counting
We assign +1
2
for one step of the upward arrow and −1
2
for the one step
of the downward arrow. Then we dene Left Up-Down Number(LUDN) as
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the total sum for all leftward arrows within a graph, and Right Up-Down
Number(RUDN) as the total sum for all rightward arrows within a graph.
For SL(2,C) invariants, these indies vanish.
In order to ount the number of the sux ontration we introdue the
following ones.
(iii) Left Wedge Number and Right Wedge Number
We assign 1 for eah piee of and dene the total sum within a
graph as Left Wedge Number(LWN). In the same way, we assign 1 for eah
piee of and dene the total sum within a graph as Right Wedge
Number(RWN).
(iv) Dotted Line Number
We assign 1 for one dotted line whih shows a spae-time sux ontration.
We dene the total sum within a graph as Dotted Line Number(DLN).
In addition to the graph-related indies, we introdue
a) Physial Dimension (DIM); b) Number of the dierentials (DIF); ) Num-
ber of σ or σ¯ (SIG)
We list the above indies for basi spinor quantities in Table 1 and for
the operators appearing the hiral multiplet Lagrangian (Se.3) in Table 2.
(LCN, RCN) (1
2
, 0) (0, 1
2
) (1
2
, 1
2
) (1
2
, 1
2
)
(LUDN, RUDN) (−1
2
, 0) (0,+1
2
) (−1
2
,−1
2
) (1
2
, 1
2
)
(LWN, RWN) 0 0 0 0
DLN 0 0 0 0
DIM
3
2
3
2
0 0
DIF 0 0 0 0
SIG 0 0 1 1
Table 1 Indies for basi spinor quantities: ψα, ψ¯
α˙, (σm)αβ˙ and (σ¯
m)α˙β.
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A∗A F ∗F
(LCN, RCN) (1, 1) / /
(LUDN, RUDN) (0, 0) / /
(LWN, RWD) (1,1) / /
DLN 1 / /
DIM 4 4 4
DIF 1 2 0
SIG 1 0 0
Table 2 Indies for operators appearing in the hiral multiplet Lagrangian.
We an identify every term appearing in the theory in terms of some of
these indies. We list some indies for all spinorial operators in Super QED.
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We see all terms are lassied by the indies and the eld ontents.
(LCN,RCN)
=(LWN,RWN) (LUDN,RUDN) DIF Fields
1 −i (1, 1) (0, 0) 1 λ, λ¯
2 i (1, 1) (0, 0) 1 ψ+, ψ¯+
3 i (1, 1) (0, 0) 1 ψ−, ψ¯−
4
e
2
(1, 1) (0, 0) 0 ψ+, ψ¯+, v
m
5 − e
2
(1, 1) (0, 0) 0 ψ−, ψ¯−, vm
6 − ie√
2
A+ (0, 1) (0, 0) 0 A+, ψ¯+, λ¯
7 + ie√
2
A− (0, 1) (0, 0) 0 A−, ψ¯−, λ¯
8 + ie√
2
A∗+ (1, 0) (0, 0) 0 A
∗
+, ψ+, λ
9 − ie√
2
A∗− (1, 0) (0, 0) 0 A
∗
−, ψ−, λ
10 −m (1, 0) (0, 0) 0 ψ+, ψ−
11 −m (0, 1) (0, 0) 0 ψ¯+, ψ¯−
Table 3 List of indies for all spinor operators in the super QED Lagrangian.
(λ, λ¯): photino; vm: photon; (ψ+, ψ¯+): +e hiral fermion; (ψ−, ψ¯−): −e hiral fermion.
The produt of σ-matries appear in the intermediate stage of SUSY
alulation. Its lassiation is an important subjet beause that xes the
right (graphial) formula to be used for redution of SUSY quantities. We
list the result, by using the graph indies dened in this setion, in TABLE
4, 5, 6 for the ase of 2σ's, 3σ's and 4σ's respetively. This result is exploited
in the C-program alulation of SUSY[7℄.
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DLN LWN RWN gure
0 0
0 0 1
1 0
1 1 = −2ηmn
0 0 = −2ǫαβǫα˙β˙
1 0 1 = −4δβα
1 0 = −4δα˙
β˙
1 1 = −8
TABLE 4 Classiation of the produt of 2 sigma matries (nsi=2).
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DLN LWN RWN gure
0 0
0 0 1
1 0
1 1
losed-hiral-loop No =1
losed-hiral-loop No =0
0 0 −2ǫαβǫα˙β˙
1 0 1 −4δβα
1 0 −4δα˙
β˙
1 1 −8
TABLE 5 Classiation of the produt of 3 sigma matries (nsi=3).
22
DLN LWN RWN gure
0 0
0 1
1 0
GrNum=2, Division=(2,2)
1 1
GrNum=2, Division=(3,1)
GrNum=3, Division=(2,1,1)
0 2 0
0 2
1 2 GrNum=1,
GrNum=2,
2 1 GrNum=1,
GrNum=2,
2 2 GrNum=1,
GrNum=2,
TABLE 6 Classiation of the produt of 4 sigma matries with
no vetor-sux ontration (nsi=4, DLN=0).
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Figure 16: The graphial representation for the spinor oordinates in the
superspae: θα, θ
α, θ¯α˙ and θ¯
α˙
.
7 Superspae Quantities
We know the SUSY symmetry is most naturally viewed in the superspae
(xm, θ, θ¯). Here we introdue anti-ommuting parameters θα = ǫαβθ
β, θα, θ¯α˙, θ¯
α˙ =
ǫα˙β˙ θ¯β˙ as the basi spinor oordinate. We show them graphially in Fig.16.
They satisfy the graphial relations of Fig.17.
The general supereld F (x, θ, θ¯), in terms of omponents elds
(f(x), φ(x), χ¯(x), m(x), n(x), vm(x), λ¯(x), ψ(x), d(x)) , is shown as
F (x, θ, θ¯) =
f(x) + + + m(x) + n(x)
+ vm(x) + +
+ d(x) .(25)
The SUSY transformation generator Qα and Q¯
α˙
are expressed as
Qα =
∂
∂θα
− i ,
Q¯α˙ =
∂
∂θ¯α˙
+ i , (26)
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Figure 17: The graphial rules for the spinor oordinates: θαθβ =
−1
2
ǫαβθθ, θαθβ =
1
2
ǫαβθθ, θ¯
α˙θ¯β˙ = 1
2
ǫα˙β˙ θ¯θ¯, θ¯α˙θ¯β˙ = −12ǫα˙β˙ θ¯θ¯, θσmθ¯θσnθ¯ =
−1
2
θθθ¯θ¯ηmn.
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The SUSY derivative operators D and D¯, whih are the onjugate partners
of Q and Q¯, are expressed as
Dα =
∂
∂θα
+ i ,
D¯α˙ = − ∂
∂θ¯α˙
− i , (27)
We an graphially onrm the SUSY algebra by using the ommutativity
and anti-ommutativity between θ, θ¯, ∂
∂θ
, ∂
∂θ¯
and ∂m.
{Qα, Q¯α˙} = 2i ,
{Dα, D¯α˙} = −2i . (28)
In the treatment of the hiral supereld, it is important to hoose appro-
priate oordinates: (ym = xm + iθσmθ¯, θ, θ¯) for the hiral eld, and (y†m =
xm − iθσmθ¯, θ, θ¯) for the anti-hiral one.
ym = xm + i ,
y†m = xm − i . (29)
Beause of the properties (D¯α˙y
m = 0, D¯α˙θ = 0) and (Dαy
†m = 0, Dαθ¯ = 0),
the hiral supereld Φ (D¯α˙Φ = 0) and the anti-hiral one Φ
†
(DαΦ
† = 0) are
always written as
Φ(y, θ, θ¯) = A(y) +
√
2 + F (y) ,
and
Φ†(y†, θ, θ¯) = A∗(y†) +
√
2 + F ∗(y†) , (30)
respetively. The SUSY dierential operators are expressed as, in terms of
(y, θ, θ¯),
Dα =
∂
∂θα
+ 2i , D¯α˙ = − ∂
∂θ¯α˙
,
Qα =
∂
∂θα
, Q¯α˙ = − ∂
∂θ¯α˙
+ 2i . (31)
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and as, in terms of (y†, θ, θ¯),
Dα =
∂
∂θα
, D¯α˙ = − ∂
∂θ¯α˙
− 2i ,
Qα =
∂
∂θα
− 2i , Q¯α˙ = − ∂
∂θ¯α˙
. (32)
The superspae alulation an be performed graphially. For example,
the Φ†Φ alulation, in order to nd the 4D SUSY Lagragian, an be done
using the graph relations of Fig.17. An advantage, ompared to the usual one,
is that the graphially expressed quantity is not "obsured" by the dummy
(ontrated) suxes.
8 Appliation to 5D Supersymmetry
In this setion we apply the graphial method to a reent subjet [12, 13℄: 5D
supersymmetry. Here both (4-omponents and 2-omponents spinors) types
of representation appear in relation to SUSY "deomposition". Stimulated
by the brane world physis, higher dimensional SUSY beomes an important
subjet. In partiular, 5 dimensional one is used as a onrete extended model
of the standard model. The simplest one is the hypermultiplet (Ai, χ, Fi),
where both Ai(i = 1, 2) and F i are the SU(2)R doublet of omplex salars.
F i are the auxiliary elds. χ is a Dira eld. The SU(2)R sux, i, is lowered
or raised by ǫij and ǫ
ij
: Ai = ǫijA
j , F i = ǫijFj where ǫij and ǫ
ij
are the same
as (1).
The doublet elds are graphially represented as in Fig.18. The SU(2)R
sux up-down is expressed by the arrow diretion: the ow-in diretion for
the up-sux and the ow-out diretion for the down-sux. (This repre-
sentation of the sux up-down is dierent from the treatment taken in the
spinor-sux ase of Se.2.)
As the 5D SUSY parameter, we take the sympleti Majorana spinors.
They are SU(2)R doublet of Dira spinors ξ
i
(i = 1, 2) whih satisfy the
sympleti Majorana ondition ("reality" ondition).
ξi = ǫijCξ¯Tj , C =
(
iσ2 0
0 iσ2
)
. (33)
From the number of the independent SUSY parameters, we know the present
system has 8 (ounted in real) superharges. We introdue the graphial rep-
resentation for ξi and ξ¯i as in Fig.19. The Dira spinor struture is graphially
the same as the Majorana one of Se.5.
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Figure 18: The graphial representation for the SU(2)R doublet elds,
Ai, Ai = ǫijA
j , Fi and F
i = ǫijFj . The arrowed dotted line is depited
arbitrarily as far as the one end is attahed to the symbol and the orret
arrow diretion is taken.
Figure 19: The graphial representation for the 5D SUSY parameters,
ξ¯i, ξ
i, ξ¯i and ξi.
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Then the 5D SUSY transformation is expressed as
δξA
i = −
√
2ǫij ξ¯jχ = −
√
2 ,
δξχ =
√
2iγM∂MA
iǫijξ
j +
√
2Fiξ
i
=
√
2i +
√
2 ,
δξFi =
√
2iξ¯iγ
M∂Mχ =
√
2i , (34)
where a wavy line is used to express the ontration of the 5D spae-time
suxes (M = 0, 1, 2, 3, 5). 4 The omplex onjugate one is given by
δξA
∗
i =
√
2ǫijχ¯ξ
j =
√
2 ,
δξχ¯ = −
√
2iξ¯iγ
M∂MA
∗
jǫ
ij +
√
2ξ¯iF
∗i
= −
√
2i +
√
2 ,
δξF
∗i = −
√
2i∂M χ¯γ
Mξi = −
√
2i , (35)
The free Lagrangian is given by
L = −iχ¯γM∂Mχ− ∂MA∗i∂MAi + F ∗iFi
= −i − + , (36)
Using the graphial rule of Fig.20 (Ai(ǫijξ
j) = −(ǫjiAi)ξj), and the basi
spinor relation {γM , γN} = −2ηMN , we an graphially onrm the SUSY
invariane.
5
δξL = ∂M
{
−
√
2i −
√
2
+
√
2 −
√
2
}
. (37)
4
5D Dira gamma matrix is taken to be (γM ) = (γm, γ5) where γm and γ5 are dened
in (23).
5ηMN = diag(−1, 1, 1, 1, 1)
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Figure 20: The graphial rules for the relation: Ai(ǫijξ
j) = −(ǫjiAi)ξj.
In relation to the SUSY deomposition, we rewrite the Dira elds (χ, χ¯, ξi, ξ¯i)
in terms of Weyl spinors.
χ =
(
(χL)α
(χ¯R)
α˙
)
, χ¯ = ((χR)
α, (χ¯L)α˙) ,
ξ1 =
(
(ξ1L)α
(ξ¯1R)
α˙
)
=
(
(ξ1L)α
(ξ¯2L)
α˙
)
=



 ,
ξ¯1 =
(
(ξ1R)
α, (ξ¯1L)α˙
)
=
(
(ξ2L)
α, (ξ¯1L)α˙
)
=
(
,
)
,
ξ2 =
(
(ξ2L)α
(ξ¯2R)
α˙
)
=
(
(ξ2L)α
−(ξ¯1L)α˙
)
=

 −

 ,
ξ¯2 =
(
(ξ2R)
α, (ξ¯2L)α˙
)
=
(−(ξ1L)α, (ξ¯2L)α˙) =
(
− ,
)
,(38)
where the reality ondition is used to express the SUSY parameters by 8
(ounted in real) independent quantities: ξ1L, ξ2L and their onjugates. Then
the 5D SUSY symmetry (34) is deomposed as follows. For the bosoni part,
30
they are given by
(1) 1√
2
δξA
1 = − =
− .
(2) 1√
2
δξA
2 = =
+ .
(3) 1√
2i
δξF1 = =
+ i + − i .
(4) 1√
2i
δξF2 = =
− + i + + i .
(39)
For the fermioni part they are given by
(6)
1√
2
δξχL = i + (F2 + ∂5A
2)
+i + (F2 − ∂5A1) .
(7)
1√
2
δξχ¯R = i − (F2 + ∂5A1)
−i + (F1 − ∂5A2) .
where (5)
1√
2
δξχ = i + =
(
δξχL
δξχ¯R
)
. (40)
6
Let us ompare the above result with the deomposition struture in the
ase of 4D: Majorana (4-omonents) to Weyl (2-omponents). In the 4D
6
The graph equations in (39) are, in the ordinary expression, as follows.
(1) δξA
1/
√
2 = δξA2/
√
2 = −ξ¯2χ = (ξ1L)α(χL)α − (ξ¯2L)α˙(χ¯R)α˙;
(2) δξA
2/
√
2 = −δξA1/
√
2 = ξ¯1χ = ξ¯1Lχ¯R + ξ2LχL;
(3) δξF1/(
√
2i) = −δξF 2/(
√
2i) = ξ¯1Lσ¯
m∂mχL + i(ξ¯1L)α˙(∂5χ¯R)
α˙ + ξ2Lσ
m∂mχ¯R −
31
ase, the deomposition is done with respet to hirality (left versus right),
and γ5 ontrols it. In the present ase of 5D, the deomposition is done with
respet to (ξ1L, ξ¯1L) and (ξ2L, ξ¯2L), the labels 1 and 2 ontrol it. Here we note
that there is no "hiral matrix" in 5D in the sense that
∏
M γ
M ∝ 1. Next
we explain what symmetry plays the role of separating 1 and 2.
In relation to the deomposition (to N = 1 SUSY) proedure, we intro-
due Z2-symmetry, that is the reetion in the origin in the (fth) extra
oordinate.
x5 ↔ −x5 . (41)
We assign the Z2-parity to all elds in a onsistent way with the deomposi-
tion relations (39). A hoie is given in Table 4.
P = +1 , ξ1L P = −1 , ξ2L
Ai A1 A2
χ χL χR
Fi F1 F2
Table 4 Z2 − parity assignment.
Then the the 5D SUSY symmetry is deomposed to two N = 1 hiral
multiplets; one is for P = +1 states, the other is for P = −1 states. Up
to now, the SUSY deomposition is not diretly related with the spae-time
dimensional redution beause all elds depend both on the 4D oordinates
xm and on the extra one x5. Let us onsider the ase that the present
5D SUSY system has the loalized onguration around the origin in the
extra oordinate. Then we an naturally suppose that the Z2-symmetry,
whih is required from the onguration, restrits the boundary ondition of
the elds and the whole system deomposes into even-parity and odd-parity
elds. Then the dimensional redution ours.
9 Disussion and onlusion
The use of graphs is popular in the history of mathematis and theoretial
physis. Penrose [14℄, with the similar motivation desribed in the introdu-
tion, proposed a diagrammatial (graphial) notation in the tensorial and
i(ξ2L)
α(∂5χL)α;
(4) δξF2/(
√
2i) = δξF
1/(
√
2i) = −ξ1Lσm∂mχ¯R + i(ξ1L)α(∂5χL)α + ξ¯2Lσ¯m∂mχL +
i(ξ¯2L)α˙(∂5χ¯R)
α˙;
(5) δξχ/
√
2 = iγM∂MA
iǫijξ
j + Fiξ
i = (δξχL, δξχ¯R)
T ;
(6) δξχL/
√
2 = iσmξ¯1L∂mA
1 + (F1 + ∂5A
2)ξ1L + iσ
mξ¯2L∂mA
2 + (F2 − ∂5A1)ξ2L;
(7) δξχ¯R/
√
2 = iσ¯mξ1L∂mA
2 − (F2 + ∂5A1)ξ¯1L − iσ¯mξ2L∂mA1 + (F1 − ∂5A2)ξ¯2L.
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spinorial alulation. Feynman diagram is the most familiar graph method
to represent a sattering amplitude. The diagram tells us, without the ex-
pliit alulation, important features suh as the oupling dependene, mass
dependene and the divergene degree. Nakanishi[15℄ analysed the Feynman
amplitude using the graph theory in mathematis. In this sense quite a large
part of mathematial physis relies on the use of the graph.
As an appliation of the present approah, supergravity is interesting.
Relegating the full treatment to a separate work[16℄, we indiate a graphial
advantage here. There appears the following quantity in the supergravity.:
ψδδ˙γγ˙α = (σ
d)δδ˙(σ
c)γγ˙e
n
d e
m
c (ψnm)α, (ψnm)
α = ∂nψ
α
m + · · · − n↔ m. Graphi-
ally it is expressed as
+ · · · , (42)
where we introdue the graphial representation for the vier-bein ena and the
Rarita-Shwinger eld ψ αm as
ena : ψ
α
m : (43)
The set of indies, whih speies the above graph (42), is given as follows:
(LCN,RCN) = (3/2, 1), (LUDN,RUDN) = (−1/2,−1), (LWN,RWN) =
(0, 0), DIM = 5/2, DIF = 1, SIG = 2.
We have presented a graphial representation of the supersymmetri the-
ory. It has some advantages over the onventional desription. The applia-
tions are diverse. Espeially the higher dimensional suspergravities are the
interesting physial models to apply the present approah. In the ordinary
approah, it has a tehnial problem whih hinders analysis. The theory is
so "big" that it is rather hard in the onventional approah. The present
graphial desription is expeted to resolve or redue the tehnial but an
important problem. We point out that the present representation is suitable
for oding SUSY alulations. The appliation has reently been done in [7℄
where the transformation from the supereld expression to the omponent
one is demonstrated.
7
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